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Formal Group Laws
Let K be a local field with perfect residue field K. Let Oy be the
ring of integers of K.

Definition
A formal group law over Ok is a series F(X, Y) € Ok[[X, Y]] such
that

F(X,Y) = X+ Y + higher degree terms

F(X,Y)=F(Y,X)

F(X,0) = X
F(F(X,Y),Z)=F(X,F(Y,2))

It follows that there is a unique series [—1]£(X) € Ok[[X]] such that

F(X,[-1]¢(X)) = F([-1](X), X) = 0.




Examples of Formal Group Laws
The additive formal group law:
G.(X,Y)=X+Y
[~1]e.(X) = =X
The multiplicative formal group law:

Gm(X,Y)=X+Y+XY
=(1+X)(1+Y)-1
[-1]e,(X) = (1+X)" —1
= X+ X2 X34...

Formal group laws also arise naturally from elliptic curves, and in
local class field theory (Lubin-Tate formal groups).



A Family of Examples of Formal Group Laws

Let ¢ € Ok, and define
F(X,Y)=X+Y +cXY.

The first three conditions for a formal group law are clearly satisfied
by F.. In addition, we have

Fo(Fa(X,Y),Z)=(X+Y+XY)+Z+c(X+Y+cXY)Z
=X+Y+Z+c(X+Y+2)+PXYZ
=X+ (Y+Z+YZ)+X(Y +Z+cY2)
= F(X, Fe(Y, 2)).



A Family of Examples of Formal Group Laws

Let ¢ € Ok, and define
F(X,Y)=X+Y +cXY.

The first three conditions for a formal group law are clearly satisfied
by F.. In addition, we have

Fo(Fa(X,Y),Z)=(X+Y+XY)+Z+c(X+Y+cXY)Z
=X+Y+Z+c(X+Y+2)+PXYZ
=X+ (Y+Z+YZ)+X(Y +Z+cY2)
= F(X,F(Y,2)).

In fact if ¢ # 0 then F.(X,Y) = c1G(cX, cY).



The Height of a Formal Group Law
We define [n]g(X) recursively for n > 1 by [1]¢(X) = X and
[n+1]e(X) = F(X, [n]£(X)).

Let F(X, Y) denote the image of F(X,Y) in K[[X, Y]]. Then

F(X,Y) is a formal group law over K.

It is known that if [p]z(X) € Ok|[[X]] is nonzero then it has the form
[p]£(X) = n(XP") for some h > 1 and some

N(X) = aX + X+ € K[[X]]
such that ¢; # 0.

Definition

If [p]=(X) = n(XP") with 77(0) # 0 we say that F(X, Y) has height
h. If [p]z(X) = 0 we say F(X, Y) has infinite height.




Examples of Heights

Since [ps, (X)
Since [ps, (X)

If c € My then F(X,Y) =G,(X,Y), so F.(X,Y) has infinite
height.

pX = 0, G, has infinite height.
(14 X)? —1= XP, G, has height 1.

If c € Of then F.(X,Y) has height 1.
Formal group laws associated to elliptic curves have height 1 or 2.

A Lubin-Tate formal group law associated to K has height vi(p).



The Depth of a Formal Group Law
Definition
Let F(X,Y) be a formal group law over Ok and write

FIX,Y)=X+Y+ > aX'Y.

ij>1

The depth of F(X,Y) is

d(F):inf{‘/K("”")-i,jzl}.

R

We clearly have d(F) > 0. Furthermore, if F(X,Y) has finite height
then d(F) = 0.

Let F(X,Y) be a formal group law over Ok and let c € Ok ~ {0}.
Then F(X,Y) = c 'F(cX,cY) is a formal group law over O, and
d(F) =d(F) + vk(c).



Groups from Formal Group Laws

Let r be an integer such that r > —d(F). For a, 5 € Mj, set

Since d(F) + r > 0, the series F(c, 3) converges in K.

k with the operation +f is an abelian group. The identity element
is 0, and the inverse of & € M is [-1]¢(c).

We denote the group (M, +£) by F(M).
We can define subtraction in the abelian group F(M}) by

a—rf = Fla, [-1]£(5)).



Kummer Extensions from Formal Group Laws

Let F(X,Y) be a formal group law over Ok. Set r =1 if d(F) =0
and r =0 if d(F) > 0. Let T be a finite subgroup of F(MJ}), and
set

Pr(X) =[] (X —¢ t) € Ok[[X]].

teT

Let g = |T|; then g is a power of p.

Proposition

Let a € K with vk(a) = m and pt m. Assume that m/q > —d(F)
and m/q < vk(t) for all t € T. Then there is y € K*P such that
Pr(y) = a. If we choose y to have maximum valuation then K(y)/K
is a totally ramified Galois extension with Gal(K(y)/K) = T.

We say that K(y) is a Kummer extension of K with respect to the
formal group law F(X,Y).



Kummer Extensions from Formal Group Laws ...

We sketch the proof of the proposition under the assumption
VK(B) > 0.

The Weierstrass degree of Pr(X) — a is q. By the Weierstrass
preparation theorem we get Pr(X) — a = u(X)f(X) with

u(X) € Ok[[X]]* and f(X) € Ok[X] a distinguished polynomial of
degree q.

For t € T we have Pr(X +gt) = Pr(X), and hence Pr(y +£t) = a.

It follows that the set of roots of f(X)is {y +rt:t € T}. Thus
K(y) is the splitting field of f(X) over K, so K(y)/K is Galois.



Kummer Extensions from Formal Group Laws ...

Since m/q < vk(t) we get

k)Y FF t) = vk)(y) = m/q.
Hence f(X) is irreducible over K.

It follows that there is an isomorphism 6 : Gal(K(y)/K) — T defined
by

0(c) =o(y) —rFy.
For o € Gal(L/K) set t, = 0(0).



Diagonals and Semistable Extensions

Let L/K be a totally ramified Galois extension. Recall that for
B € L®k L with 5 # 0 we defined

d(8) = min{i +j : [i,j] € D(8)}.
We also defined the diagonal of 5 to be
N(B) =A{li.j]e D(B) :i+j=d(B)}.

Finally, we defined L/K to be semistable if there exists § € L ®x L
such that ¢(5) € K[G], ptd(5), and |[N(B)| = 2.



Semistable Extensions and Formal Group Laws

Theorem

Let L/K be a totally ramified Galois extension. The following are
equivalent:

Q L/K is a Kummer extension with respect to some formal group
law over Ok.

@ L/K is a semistable abelian p-extension.

We'll outline the proof of 1 = 2. We already saw that L/K is an
abelian p-extension.



Kummer Extensions are Semistable
We have a € K, T < F(MY),

Pr(X) = TI1(X —¢ ),

teT

and y € O, such that Pr(y) = a and L = K(y). Write

X—pY=FX[-1s(Y) =X =Y+ 3 b;X'YI

ij>1
andset f=(1®y)—fF(y®1). Then 5 € LRk L and

B=1ly—-yal+ Y by oy

ij>1

=1®y—y® 1+ terms with higher valuations.

Set m = v,(y). Then d(8) = m and N(53) = {[0, m], [m, 0]}.



Kummer Extensions are Semistable . ..

Let 0 € G = Gal(L/K). Recall that the map ¢, : L&k L — L defined
by 1¥,(a ® b) = ac(b) is a K-algebra homomorphism. Therefore

e ()

¢0(1®Y_FY®1)
wa(l ®)/) - F 1%()’ ® 1)
o

(}’)—F)/
=t, e K.

It follows that ¢(3) = > ¢,(8)o € K[G].

oceG

Since we also have |[N(5)| =2 and p{ m = d(3) we conclude that
L/K is semistable.



When is Ok Free over A(Ok)?

Theorem
Let L/K be a totally ramified abelian extension of degree g = p".
Assume that the different © of L/K satisfies ® = 0O, for some
0 € Ok such that 6 € qOk. Then the following are equivalent:
@ There is a formal group law F(X,Y) over Ok, a finite subgroup
T of F(Mk), and a uniformizer i of K such that L = K(y)
for some y such that Pr(y) = k.
@ O, is a free A(OL)-module of rank 1.

Furthermore, when these conditions are satisfied, A(Ok) is a Hopf
order in K[G].

We will sketch the proof of 2 = 1.



O, free over A(O() = L/K Kummer

The assumptions on © and § imply that there is £ € 2(O,) such
that for all a € L with v;(a) = g — 1 we have v;({(a)) = 1.

Let o € L ®k L satisfy ¢p(a) = ¢ and write

= Z t,o.

oceG

Then t, € My for all 0 € G. By adding a multiple of 1 ® 1 to a we
can assume that t; = 0.

We want to construct a formal group law F(X, Y') such that
T ={t, : 0 € G} is a subgroup of F(Mk).

We need F(t,,t.) = t,, for all 0,7 € G. Bondarko shows that it is
enough to check this for g particular pairs (o, 7) € G.

By specializing parameters in a universal formal group law we can
construct F(X, Y) to make these g relations hold.



O free over A(O;) = L/K Kummer ...

Since
f € QL(OL) = ¢(©_1 Koy OL)
we have
o= 5@5_1(5) X R0y O,.
In fact there are y,z € M suchthata =1® y +r z® 1. We get
0=1v1(0) =1 ®@y) +ri1(z®@1) =y +F z.
Hence z=[-1]r(y) and a =1® y —p y ® 1. For 0 € G we get

tr = Vo) =V, (1®y) —Fths(y ®1) = a(y) —F y.



O free over A(O;) = L/K Kummer ...

Set w = Ny k(y). Then

w=[[y+rt,) K.

Using the fact that £(a) is a uniformizer for L we find that w is a
uniformizer for L. Hence L = K(y) and y is a root of

Pr(X) =[] (X +£ t,) = w.

ceG



A Byproduct

Theorem

Let L/K be a totally ramified Galois extension such that the different
D of L/K satisfies ® = 6O, for some § € Ok. Assume that there
exists £ € A(O,) and a € L with v (a) = q — 1 such that

vi(€(a)) = 1. Let o € L ®k L satisfy ¢p(a) = 0. Then the set

{0719(1), 0 p(a), 6 p(a?), ..., 0 (M)}
is a basis for A(O,) over Ok.




Semistable Extensions and Indices of Inseparability

The definition of the diagram D(3) of 8 € L ®x L is reminiscent of
the definition of the indices of inseparability of L/K:

@ Both are based on expressing elements of L as power series in 7,

with coefficients in the set 7 of Teichmiiller representatives of
K.

@ In both cases it is true, but not obvious, that the data obtained
from the power series expansion does not depend on the choice
of uniformizer 7.

© There is a tantalizing parallel between:

» The indices of inseparability of L/K, which determine the usual
ramification data.
» D(p), which determines N(J3).



Semistable Extensions and Galois Scaffolds

It is natural to ask what the relation is between semistable extensions
and Galois scaffolds.

Indeed, both are extra structures on the Galois extension L/K which,
when they exist, allow one to compute various properties of the
Galois module structure of L.

We saw that every p-extension L/K which is not almost maximally
ramified and which has a Galois scaffold is semistable.



Some Questions

Regarding the indices of inseparability:

@ Can the indices of inseparability of L/K be computed from G(f)
for an appropriate choice of 37

Regarding Galois scaffolds:

@ Does every semistable extension L/K admit a Galois scaffold?
(Nigel Byott thinks the answer is No.)

@ If the answer is Yes, suppose L/K is semistable with respect to
p € L®k L. Can we use (3 to construct a scaffold for L/K?



Thank You!




